The recently developed consecutive-interpolation procedure (CIP) based 4-node quadrilateral element (CQ4) is used to study free and forced 2-dimensional vibrations of elastic and piezoelectric structures of complex geometries. For some of these problems results have also been computed with the standard quadrilateral element under the constraint that the two approaches have the same number of degrees of freedom. In each case it is found that the numerical solution using the CQ4 element has better accuracy than that found with the standard quadrilateral element, and these solutions agree well with results available in the literature. The main difference between the CIP basis functions and those for the traditional 4-node quadrilateral element is that the former incorporate both nodal values and averaged gradients of the trial solution at the nodes and the latter only the nodal values. However, for both sets of basis functions only nodal values appear as unknowns in the matrix formulation of the problem.
Introduction
The development of a consecutive-interpolation 4-node quadrilateral element (CQ4) for stress analysis of 2-dimensional structures based on the consecutive-interpolation procedure (CIP) of Zheng et al. (2010) was recently presented in Bui et al. (2014) . The basis functions for the CQ4 element are constructed in two stages. First the same interpolation functions as in the conventional finite element method (FEM) for the 4-node quadrilateral element are constructed. Subsequently, they are extended to include both the nodal values and the averaged values of gradients of the unknown function at the nodes. The main motivation of the CIP is to make the trial solution and its derivatives continuous across interelement boundaries. This should improve the accuracy of the computed gradients of the trial solution and avoid using smoothing techniques generally employed during the post-processing process.
Numerical solution of several elastostatic problems presented in Zheng et al. (2010) , Bui et al. (2014) and Kang et al. (2015) have demonstrated that these basis functions for the CQ4 element yield, for the same number of degrees of freedom (DoFs) as for the traditional Q4 element, more accurate values of the trial solution that have better convergence rates than those for the standard Q4 element. Furthermore, good values of stresses at nodes can be found without using smoothing operations. The shape functions for the CQ4 element are linearly independent, satisfy the partition of unity, possess Kronecker-delta function property, and alleviate the volumetric locking issue for incompressible materials. The CQ4 element can be easily implemented in existing software since the numerical solution procedure for the two elements is essentially the same.
Here we extend the applicability of the CQ4 element basis functions to the analysis of 2-dimensional (either plane stress or axisymmetric) free and forced vibration problems, and show that indeed these basis functions give improved values of natural frequencies and mode shapes for structures of complex geometry. For forced vibration problems they provide accurate values of nodal displacements and their transient responses. When solving these problems, the coupled ordinary differential equations obtained by the FEM are numerically integrated by using both implicit unconditionally stable and explicit conditionally stable methods. We have also extended their applicability to study free vibrations of piezoelectric structures for which the electric and the mechanical fields are coupled. It is shown that the numerical results obtained with the CQ4 element agree well with those reported in the literature and obtained by such methods as the boundary element method (Manolis and Beskos, 1988) , the FEM (Petyt, 2010; Miranda et al., 2008; Dai and Liu, 2007) , mesh-free methods (Bui et al., 2011a,b; Bui and Nguyen, 2011; Kosta and Tsukanov, 2014; Sadeghirad et al., 2009; Cui et al., 2010; Gu and Liu, 2005) , and the isogeometric analysis (Valizadeh et al., 2013; Cottrell et al., 2006) .
The rest of the paper is organized as follows. The formulation of a linear elastodynamic problem is given in Section 2 wherein we also briefly review the derivation of the discrete equations and the basis functions for the CQ4 element. Frequencies and the associated mode shapes for free vibrations of five structures are presented in Section 3. Forced vibrations of a cantilever beam with timedependent tangential tractions applied on its unclamped edge, and those of an L-shaped bracket with a uniformly distributed time-dependent pressure applied on the top surface are studied in Section 4. In Section 5, we provide results of free vibration of a piezoelectric disc and a transducer. Conclusions of this work are summarized in Section 6.
Formulation of the problem

Problem statement
We analyze free and forced vibrations of a homogeneous, isotropic and linear elastic body occupying a planar domain U with boundaryG. In a rectangular Cartesian coordinate system 2-dimensional deformations of the body are governed by
where the partial differential operator matrix L is defined by
Furthermore, u, _ u and € u are, respectively, the displacement, the velocity and the acceleration of a material particle, r the mass density, h the damping coefficient, s T ¼ {s xx ,s yy ,s xy } the stress tensor, and b the body force field. Eqs. (1) and (2) are supplemented by the following essential and natural boundary conditions given by Eqs. (3a) and (3b), respectively.
Here u is the prescribed displacement at points on the boundary G u , t the surface traction prescribed on G t ,
where n x and n y are components of the unit outward normal n to the boundary, and G ¼ G u ∪G t . The pertinent initial conditions are uðx; t 0 Þ ¼ u 0 ðxÞ; x2U (5a)
where u 0 and v 0 are displacements and velocities at the initial time t 0 , respectively.
Weak-form and discrete equations
We use the principle of virtual work to derive coupled ordinary differential equations (ODEs) governing transient deformations of the body. Denoting by du and dε, respectively, the virtual displacement and the virtual strain fields in the body, the principle of virtual work requires that 
where n e is the number of nodes on an element, 
with 1 < x < n s and n s > 4 Bui et al., (2014).
The stresses are assumed to be related to the strains by Hooke's law
where for plane stress deformations
with E being Young's modulus and n Poisson's ratio for the material of the body. One can use the current formulation for studying plane strain problems by modifying the matrix D. However, here we study only plane stress problems. Following the standard argument, the ODEs for nodal displacements can be written as
where M, C, and K, respectively, are the mass, the damping and the stiffness matrices, and f is the force vector. These matrices are given by
2.3. The CQ4 shape functions and their properties
The formulation of the CQ4 element and its basis functions was presented in detail by Bui et al. (2014) . For the sake of completeness, we briefly describe here the CQ4 element. Assume that x ¼ (x,y) is a point in the quadrilateral element with nodes i, j, k, m as illustrated in Fig. 1 . We denote by S i , S j , S k and S m elements that share nodes i, j, k and m, respectively. In CQ4 element, the supporting nodes for the point x include all nodes of elements S i , S j , S k and S m . Thus the support domain for point x is much larger than that in the standard FEM, and the trial solution at point x is assumed to be given by
where the consecutive-interpolation shape functions are given by
Here d l denotes the nodal displacement vector, N ½i l is the vector of shape functions at node i, and n s is the total number of supporting nodes for the point x. The average value of the derivative of the shape functions at node i is written as follows: 
where l is any one of the indices i, j, k, and m, and
We note that restrictions analogous to those listed in Eq. (18) apply to other functions, i.e., f j , f jx , f jy , f k , f kx , f ky and f m , f mx , f my . The polynomial basis functions f i , f ix and f iy for the CQ4 element are given by
In Eq. (23), p ¼ 1/2, and L i , L j , L k and L m are area coordinates of the point x in the quadrilateral element. Functions f j , f jx , f jy ; f k , f kx , f ky and f m , f mx , f my are found by cyclic permutation of indices i, j, k and m.
We note that the CQ4 shape functions are complete polynomials, satisfy properties of the partition of unity, and possess the Kronecker delta property. They are not rational polynomials, and the stiffness and the mass matrices can be as accurately computed as those for regular 4-node quadrilateral elements. The shape functions are C ∞ in the element interior, C 1 at nodes and C 0 on element edges. Even though Eq. (12) for nodal displacements is similar to that for the standard quadrilateral element, the stiffness and the mass matrices for the CQ4 element differ from that of the standard Q4 element because the supporting domains of the CIP-based elements are larger than that of the Q4 element. This implies that displacements of point x depend upon displacements of nodes other than those at the corners of the element containing the point x. Therefore, additional work is needed to search for supporting nodes that is not necessary in the traditional FEM.
When numerically evaluating the element mass and stiffness matrices, the number of integration points needed to exactly evaluate the integrals depends upon the degree of the highest order monomial in the integrand provided that it is a polynomial. When the integrand is not a polynomial, the integration rule is determined iteratively. Here we adopt the 3 Â 3 Gaussian rule. 
Free vibrations
When studying free vibrations, we set the external force equal to zero, and assume that d ¼ dexpðiutÞ where i ¼ √À1, d is the eigenvector associated with the natural or the eigen-frequency u.
We present below results for several problems from simple to complex geometries and compare the presently computed frequencies and mode shapes with those reported in the literature. For a few problems we also compare solutions obtained by using the conventional three-node triangular (T3) and the four-node quadrilateral element (Q4), and the CIP-based three-node triangular element (CT3) (Zheng et al., 2010) .
Cantilever beam
We study free vibration of a cantilever beam clamped at the left edge as shown in Fig. 2 , and in consistent units, assign the following values to its material and geometric parameters:
Poisson's ratio n ¼ 0.3, and mass density r ¼ 1.0. A structured and a non-structured discretization of the domain occupied by the undeformed beam are depicted in Fig. 2 , and the first six eigenmodes of the beam computed using the CQ4 element are displayed in Fig. 3 . We have magnified displacements by a factor of 40 to easily visualize the mode shapes.
We have listed in Table 1 frequencies obtained by using the CQ4, the conventional Q4, and the CT3 elements and their % deviations from values reported in Li et al. (2004) computed by the FEM using 4850 degrees of freedom (DoFs). The structured mesh had 30 Â 20 uniform elements. From the results reported in Table 1 , we conclude that the present approach gives very good values of the frequencies with the maximum deviation from those reported in Li et al. (2004) of less than 0.2%. Frequencies found using the conventional Q4 element are less accurate than those computed with the CQ4 element. The convergence of the six frequencies with an increase in the number of elements in the structured and the unstructured FE meshes using CQ4 elements is reported in Tables 2  and 3 and the results are also plotted in Fig. 4 . We note that as in the traditional FEM, the frequencies first converge monotonically from above as the FE mesh is refined. However, at the last stage of the FE mesh refinement, frequencies for the finer mesh are a little higher than those for the immediately previous FE mesh. Whereas the coarse mesh of 11 Â 7 elements gives acceptable values of the first six frequencies, the 5 Â 5 FE mesh results in rather large errors in frequencies of higher modes of vibration. Furthermore, the effect of the number of Gauss quadrature points on the frequencies has been analyzed and the results using a structured FE mesh of 21 Â 16 uniform elements exhibited in Fig. 5 suggest that at least 2 Â 2 Fig. 3 . The first six eigenmodes of a cantilever beam computed using the CQ4 element. The undeformed configuration is shown with red dotted lines, and the depicted deformed shapes were obtained by using a magnification factor of 40 on the displacements. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) integration rule should be used in order to accurately compute the 50th frequency. However, in the remaining example problems studied herein, we have used the 3 Â 3 Gauss points since several higher modes may participate in the forced transient response of the structure. We note that frequencies and mode shapes computed here need not agree with those found by using a beam theory since here we have studied plane stress deformations whereas plane strain deformations are assumed in the beam theory.
We note that the standard Q4 element may not perform well during bending deformations of a cantilever beam. In order to see if using the 8-node quadrilateral element will give better results than the CQ4 element with the same number of unknowns in the two cases, we have computed results with the commercial FE software, ANSYS, using the PLANE183 (quadratic 8-node element) and listed in Table 4 the first six natural frequencies of the beam. The two sets of results are very close to each other.
Tapered cantilever plate with a central circular hole
We now study free vibrations of a tapered cantilever plate with a central circular hole schematically depicted in Fig. 6 (Zhao and Steven, 1996) , and in consistent units set the length L ¼ 10, the radius R of the hole ¼ 1.5, Young's modulus E ¼ 1.0, Poisson's ratio n ¼ 0.3 and the mass density r ¼ 1.0. The asymptotic solution given in Zhao and Steven (1996) is used as the reference. The first six eigenmodes are displayed in Fig. 7 and the percentage deviations in the presently computed results with the CQ4 and the CT3 elements from those given in Zhao and Steven (1996) are summarized in Table 5 . In Table 6 we have compared the first six frequencies computed with the commercial FE software ANSYS using 8-node quadratic element (PLANE183 with 1662 DoFs) and the CQ4 element (1658 DoFs). A very good agreement between both solutions is found. In the plots of Fig. 7 displacements have been multiplied by a factor of 40. Thus deformations are really infinitesimal. It is clear that as compared to the results from the T3 and Q4 elements, frequencies computed with the CT3, the CT4 and the PLANE183 elements have significantly lower errors. Thus for this problem, the CT3 and the CT4 elements give superior results than the T3 and the Q4 elements. While computing these results we did not check if any two nodes on the boundary of the circular opening contacted each other during free vibrations of the structure. For a linear elastic problem, displacement gradients should be infinitesimal. However, for a linear elastic problem involving cracks the displacement gradients approach infinity at a crack-tip. Similarly stress and strain concentrations may occur at some points on the surface of the circular hole. Li et al. (2004) . c Gu and Liu (2005) . d Bui and Nguyen (2011) . 
Shear wall with four square openings
We now illustrate the applicability of the present formulation to the analysis of free vibrations of a shear wall with four square openings illustrated in Fig. 8 . The problem is solved by arbitrarily setting Young's modulus E ¼ 10,000 N/m 2 , Poisson's ratio n ¼ 0.2, thickness b t ¼ 1:0 m and the mass density r ¼ 1.0 kg/m 3 . The bottom surface of the wall is clamped. The first six natural frequencies computed by using structured (476 elements) and unstructured (239 & 476 elements) meshes are compared in Table 7 with those from the numerical solutions based on the FEM (Gu and Liu, 2001) , the MLPG (Gu and Liu, 2001 ), the MK (Bui et al., 2011a,b) , the SFEM (Dai and Liu, 2007) , and the BEM (Brebbia et al., 1984) . The corresponding eigenmodes of a shear wall are depicted in Fig. 9 . Results reported in Table 7 indicate that the present formulation using the CQ4 element gives very good values of the first six natural frequencies. As for the above two example problems, frequencies computed with the CQ4 (4148 DoFs) element agree well with those calculated with the quadratic 8-node PLANE183 element (4160 DoFs) in ANSYS; the two sets of results are listed in Table 8 .
Car door
We now study free vibrations of a car door that have been studied in Cui et al. (2010) using a mesh-free method. The detailed configuration of the door is given in Cui et al. (2010) , and a typical unstructured mesh using 609 CQ4 elements is shown in Fig. 10 . The following values of geometric and material parameters are used:
À6 kg/mm 3 , the thickness of the door b t ¼ 1:0 mm. The first 12 natural frequencies computed using Q4, CQ4 (4872 DoFs) and T3, CT3 (4660 DoFs) elements are listed in Table 9 along with the reference solutions that used the CPS6M and SC3-L elements (Cui et al., 2010) . The first six eigenmodes are shown in Fig. 11 . It is clear that the present results computed by using the CQ4 and the CT3 elements agree well with those of Cui et al. (2010) . For the same number of DoFs, frequencies found by using the T3 and the Q4 elements noticeably deviate from those computed by using other elements. 
A bracket
A structure more complex than the ones studied above is a bracket schematically depicted in Fig. 12 . We assign following values to the material parameters: E ¼ 2 Â 10 5 MPa, n ¼ 0.3, r ¼ 7.8 Â 10 À6 kg/mm 3 , and the thickness of the bracket b t ¼ 5:0 mm. The boundary conditions are: the periphery of the tiny circular hole at the top left side is clamped, and points on the left edge can slide in the vertical direction but have null displacements in the horizontal direction. The first six natural frequencies of the bracket with the corresponding eigenmodes displayed in Fig. 13 , obtained by using the CQ4 element and an unstructured FE mesh of 1003 elements are 44.0, 95.0, 257.1, 293.9, 348.3, and 473.8 Hz.
Forced vibrations
We use the implicit (the Newmark method) and the explicit (the central difference method (CDM)) time integration schemes to study transient deformations of a structure. We write the equation of motion, Eq. (12), at time t þ Dt as
The Newmark time integration scheme applied to Eq. (25) gives (e.g., see Zienkiewicz et al., 2005) 
The Newmark method is unconditionally stable for g ! 0.5 and b ! 0.25(g þ 0.5) 2 , otherwise it is conditionally stable. Here we use both the unconditionally stable implicit method in which we take g ¼ 0.5 and b ¼ 0.25, and the conditionally stable explicit CDM for which g ¼ 0.5 and b ¼ 0 (Zienkiewicz et al., 2005; Gu and Liu, 2001 ).
The critical time step for computing the stable solution with the CDM is given by
where L e is the length of the smallest element in the FE mesh, and the wave speed c d is found from
Even when Dt < Dt cr , the accuracy of the solution for both the implicit and the explicit methods depends upon Dt.
Forced vibration of a cantilever beam
The first example problem studied is that of a cantilever beam, shown in Fig. 14, subjected to a parabolic traction at the right unclamped end. Three time-dependent loads, P ¼ 1000g(t) with g(t) the function of time depicted in Fig. 15 are considered. The geometrical and the material parameters of the beam are the same as those for the beam studied in Section 3.1. The presently computed vertical displacement or the deflection of point A shown in Fig. 14 is compared with that obtained from the commercial FE software ANSYS (Bui et al., 2011a,b) .
Harmonic load
For the loading function g(t) ¼ sin27t where t is in seconds, we have compared in Figs. 16 and 17 the time history of the computed vertical displacement u y of point A for different values of the time step Dt and using the CQ4 and the CT3 elements with those obtained by using the commercial FE software ANSYS (Bui et al., 2011a,b) . As expected, the solution accuracy increases with a decrease in the value of Dt and the difference between the numerical solutions computed with the CQ4 and the ANSYS decreases.
For the implicit method, the solution computed with Dt ¼ 5 Â 10 À2 s has considerably lower amplitude and larger time periods than those found with smaller values of Dt confirming that one should compute the numerical solution for different values of Dt even for an implicit method. In Fig. 18 we have plotted the computed time histories of u y for point A and different FE meshes. Our numerical experiments have indicated that the unstructured FE meshes give good results for the forced vibration analysis. The coarse 5 Â 4 and 6 Â 6 uniform FE meshes do not give reasonable values of the amplitude of vibration and of the time periods. However, the 20 Â 12 FE mesh provides a solution close to the reference solution computed with ANSYS, and that found with the 20 Â 12 uniform FE mesh. Even the 8 Â 8 FE mesh gives good values of the deflection of point A; these results are not depicted in Fig. 18 . In the remaining example problems studied here, unless otherwise noted, we have used the uniform 20 Â 12 FE mesh. 
Table 7
Comparison of natural frequencies (rad/s) for the first six modes of a shear wall with four openings obtained by several methods.
Mode
BEM (Brebbia et al., 1984) FEM (Gu and Liu, 2001) MLPG (Gu and Liu, 2001) MK (Bui et al., 2011a,b) SFEM (Dai and Liu, 2007) The effect of the time step size has also been studied to check the stability of the integration technique. In the CDM Dt ¼ 1 Â 10 À4 s is used. The time history of the vertical deflection of point A computed by the CDM till 20 s with (c ¼ 0.4) and without (c ¼ 0.0) damping effects is plotted in Fig. 19 . It is clear that the computed solution is quite stable.
Load given by the Heaviside function
For the Heaviside step load, g(t)¼H(t), the analytical value of the final deflection of point A is u y,exact ¼ À0.0089 units (Timoshenko and Goodier, 1970) . The computed time history of the vertical deflection of point A obtained with the CDM and damping coefficient, c ¼ 0.4, is shown in Fig. 20 . It is evident that the response Fig. 9 . First six eigenmodes of a shear wall with four openings. The dashed red lines depict the undeformed configuration of the wall. Displacements have been multiplied by a factor of 40 in plotting the mode shapes. Thus actual deformations are considerably smaller than those plotted. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.).
Table 8
Comparison of the first six natural frequencies (rad/s) of a shear wall with four openings obtained by the PLANE183 quadratic 8-node element (ANSYS) and the CQ4 element. 18.0899 18.1388 Fig. 10 . An unstructured FE mesh of a car door.
gradually converges to that for the statically deformed beam. This agrees well with those derived from other methods, e.g., the MK (Bui et al., 2011a,b) , MWS (Gu and Liu, 2005) , or LoKriging (Li et al., 2004) .
For the step load given by gðtÞ ¼ t t0 HðtÞ À Bui et al., 2011a,b) , the computed time history of the vertical displacement of point A with the implicit integration method and c ¼ 0.4 shown in Fig. 21 agrees well with that derived from Bui et al. (2011a,b) for the MK method. When the damping is considered, the amplitude of the deflection of point A gradually decreases and converges to a steady state value.
Decreasing transient load of finite duration
For the loading function g(t) ¼ (1Àt)H(1Àt), the load gradually decreases from a finite value to zero in 1 s, and then stays at zero. The time histories of the deflection u y of point A with and without damping are provided in Figs. 22 and 23 , respectively. The computed responses with the implicit integration scheme and the CQ4 and the CT3 elements are close to each other. As expected, the amplitude of oscillations remains nearly constant for c ¼ 0 after 1 s when the applied load has become zero, but approaches a steady state value for c ¼ 0.4.
Forced vibration of an L-shape panel
We now analyze transient deformations of an L-shape panel, sketched in Fig. 24 , and assign following values to its material and geometric parameters, and the applied load: height H ¼ 2.0, thickness b t ¼ 1:0, Young's modulus E ¼ 1.0, Poisson's ratio n ¼ 0.3, mass density r ¼ 1.0, uniform pressure P ¼ 10 Â g(t) where g(t) is the function plotted in Fig. 15c . The panel is discretized into an unstructured FE mesh of 296 CQ4 elements. Time histories of the vertical displacement u y of point A computed with the explicit and the implicit methods using different values of the time step size Dt are plotted in Fig. 25 . Without damping effect, values of u y for point A oscillate around the mean value zero.
Table 9
Comparison of the first 12 natural frequencies (rad/s) of the door of a car obtained by using the CQ4, the Q4, the T3 and the CT3 elements with those from Cui et al. (2010) wherein the CPS6M and the SC3-L elements were used. 
Free vibrations of piezoelectric structures
Piezoelectric materials, due to their ability to convert electrical into mechanical energy and vice-versa, have been widely used in many engineering applications. Recently, meshless and extended FE approaches have been developed to analyze 2D structural and fracture problems for piezoelectric solids under static, dynamic and thermal loads Zhang, 2012, 2013; Liu et al., 2014; Allik and Hughes, 1970; Benjeddou, 2000; Sharma et al., 2013) . Three-dimensional transient nonlinear problems for piezoelectric solids have been studied by Liang (1997, 1996) . Threedimensional free vibrations of a piezoelectric body have been analyzed by Yang and Batra (1994) . The piezoelectric effect has been exploited by Geng (2001, 2002) to enhance the buckling load. Here, we show that the use of the CQ4 element provides very good solution of the eigenvalue problem for 2-D deformations of piezoelectric structures. For the sake of completeness we briefly list below the pertinent equations.
The constitutive relation for 2-D deformations of a linear piezoelectric material is
where D denotes the electric displacement, E the electric field, c E the elastic matrix measured at constant electric field, e the piezoelectric matrix, and k S the dielectric matrix at constant mechanical strain. A piezoelectric material is usually modeled as transversely isotropic with the axis of polarization coincident with the axis of transverse isotropy. The kinematic relations for the strain ε and the electric field E are
where 4 is the electric potential.
Using basis functions for the CQ4 element, the displacement and the electric potential are approximated as 16 . Comparison of the time history of the displacement u y of point A obtained by using the CQ4 and the CT3 elements with that found by using the commercial FE software ANSYS under time-harmonic load. A structured fine FE mesh is employed for the analysis using ANSYS. Thus 
Following the standard approach, the discrete equations for piezoelectric materials without considering damping and external loads and charges can be expressed as
where the mass matrix M uu is given by Eq. (13) and Fig. 18 . Time histories of the vertical displacement of point A obtained by using the CQ4 and the CT3 elements for different structured and unstructured FE meshes under time-harmonic load. With the 20 Â 12 FE mesh, differences in solutions with the structured and the unstructured meshes are insignificant for the CQ4 and the CT3 elements using either the Newmark or the CD methods. Very coarse FE meshes yield poor results. 
Solving Eq. (37) for the electric potential degrees of freedom, 4 ¼ Κ À1 44 K 4u d, and then substituting the result into Eq. (36), we get the following structural equation
is the condensed electroelastic stiffness matrix. Eq. (39) is solved for the natural frequency in the same say as before.
Free vibrations of a piezoelectric disc
We study free vibrations of a piezoelectric disc, depicted in Fig. 26 , of diameter 3.2 mm and thickness 0.4 mm that has also been studied in (Bui et al., 2011a,b; Liu et al., 2013a,b) . Values of material parameters for the PZT-4 disc are listed in Table 10 . We consider two scenarios one when both surfaces are fully electroded and the other with only one surface electroded. Thus both resonant and anti-resonant frequencies can be computed. We compare our results with the literature values obtained by using the FEM (Liu et al., 2013a,b) , the RPIM (Liu et al., 2013a,b) and the MK (Bui et al., 2011a,b) . The presently computed first four natural frequencies with the CQ4 element for a coarse (17 Â 3 elements) and a fine (32 Â 5 elements) FE mesh are listed in Table 11 . It is evident that the use of the CQ4 element gives very good values of the first 
A piezoelectric transducer
The last example problem studied is that of the eigenvalue analysis of a piezoelectric transducer exhibited in Fig. 28 (Bui et al., 2011a,b; Liu et al., 2013a,b) . The transducer made of a PZT4 ceramic wall with brass end caps and electrodes on the inner and the outer surfaces is assumed to undergo axisymmetric deformations. Values of material parameters used for the brass are: E ¼ 104 GPa, n ¼ 0.37 and r ¼ 8500 kg/m 3 . Vibrations under open-circuited voltages with the electric potential on the inner surface equal to zero are analyzed; thus the anti-resonance (Liu et al., 2013a,b) frequencies are found. The first four natural frequencies obtained with the CQ4 
Table 10
Material constants of PZT-4 (r ¼ 7500 kg/m 3 ) Liu et al., 2013a (for 136 and 176 elements) and the conventional Q4 (176 elements) elements and their percentage differences from the corresponding values are listed in Table 12 . The maximum difference of 17% between the experimental (Liu et al., 2013a,b) and the frequencies computed with 176 elements confirms that the CQ4 element performs well in eigenvalue analysis of piezoelectric structures, and gives more accurate frequencies than those obtained with the standard Q4 element. The first four eigenmodes are displayed in Fig. 29 .
Conclusions
We have used the basis functions for the CQ4 element and the finite element method to analyze free and forced twodimensional (either plane stress or axisymmetric) vibrations of several linear elastic structures of complex shapes, and free vibrations of two linear piezoelectric structures. In each case the frequencies, the mode shapes and the displacements are found to agree well either with the corresponding experimental results or with the literature results obtained by other methods. Generally, the basis functions for the CT3 and the CQ4 elements provide better numerical solution than that computed with the traditional T3 and Q4 elements. For two of the problems studied, results computed with the CQ4 and the traditional Q8 elements are very close to each other. The computed response for the forced vibration problems using either the implicit or the explicit method is found to be quite accurate. The CT3 and the CQ4 elements can be easily implemented in existing finite element software. Fig. 27 . The first four eigenmodes of a piezoelectric disc obtained by using the CQ4 element. These modes can be compared with those found using the MK (Bui et al., 2011a,b) and the RPIM (Liu et al., 2013a,b) methods. Displacements have been multiplied by a factor of 40. 
